Low-dimensional characteristics of a helical vortex filament from a reduced-scale rotor are investigated using proper orthogonal decomposition (POD). Measurements are captured by way of particle image velocimetry. Experiments are performed on a 1.0 m diameter, single-bladed rotor in hover. The rotor is operated at 1500 RPM, which corresponds to a blade tip chord Reynolds number of 218,000 and a tip Mach number of 0.23. The blade is set to a collective pitch angle of 7.3 • , which resulted in a blade loading (C T /σ ) of 0.066. Classical and snapshot techniques of POD are applied to a helical vortex filament, both of which revealed similar characteristics of the dominant modes. Two different techniques (Γ 1 and geometric center methods) of wander correction are applied to test the sensitivity of the low-dimensional characteristics using POD. Using the Γ 1 method, POD revealed that an elliptic instability dominated the energy spectrum of the velocity fluctuations within the tip vortex. However, at early vortex ages an axisymmetric mode, which is found to perform vortex roll-up, is found to be equally dominant. Further, the spatial structures of the most energetic modes derived from POD are found to be sensitive to the choice of the centering technique used.
I. Introduction
Helicopter rotor wakes are three-dimensional, inherently unsteady, and dominated by trailing vortices that emanate from blade tips. These vortices form spiraling vortex filaments which play a very important role in the performance of a helicopter. Spiraling vortex filaments are always unstable in an inviscid fluid 2 due to the inherent strain induced by their curvature effect. 33 Presence of multiple vortex filaments in a multi-bladed rotor induces additional strain. When a vortex filament is subject to external strain it is likely to experience three-dimensional instabilities that travel along the filament axis. 5, 33, 34 Long-wave instabilities on helical vortex filaments are evident in the flow visualization studies developed by Ohanian et al. (2012) . 23 Numerical investigations by Bhagwat and Leishman (2000) , 2 on multibladed rotor wakes in hover, revealed that the most unstable long waves on the spiraling vortex filaments occur at wave numbers of half-integer multiples of the number of blades. These findings were consistent with the earlier analytical studies developed on a single helical filament by Widnall (1972) . 32 PIV investigations by Kindler et al. (2010) 13 and Mula et al. (2013) 22 revealed an anisotropic nature of long-wave perturbations (vortex wander) on a plane perpendicular to the vortex filament axis. Further, such an anisotropic nature was found to be insensitive to the choice of the vortex center identification technique. 22 In addition to long-wave instabilities, a vortex filament in the presence of strain is also likely to experience threedimensional short-wave instabilities that travel along the filament axis. 17, 33, 34 Short-wave instabilities in combination with long-wave instabilities can play a significant role in the diffusion mechanism of trailing vortices. 17 A shortwave instability causes a deformation of the vortex structure on a plane perpendicular to the vortex axis, thereby making the structure of a vortex dynamical 17 in nature. However, in the context of short-wave instabilities, there are limited quantitative experimental studies on rotor tip vortex filaments. Therefore, the objective of the current study is to better understand the dynamical characteristics of the structure of a rotor tip vortex (in hover) in terms of the stability and turbulence characteristics by way of particle image velocimetry. Proper orthogonal decomposition (POD) is used to obtain the low-dimensional characteristics of velocity fluctuations within the tip vortex. Proper orthogonal decomposition, which was introduced by Lumley (1967) 19 to the field of turbulence, has been rigorously used in both experimental and numerical disciples. 3 There are two different forms of POD: classical POD and snapshot POD. 29 In the current study, both the techniques are applied on a helical vortex filament with subsequent comparisons provided. While it is more conventional to use the snapshot 29 technique to PIV data owing to the advantages of its computational efficiency, the classical form of POD, which is outlined by Glauser and George (1987) , 8 Citrinity and George (2000) 4 and Tinney et al. (2008) , 30 is also applied owing to the easier interpretation of the Fourier modes. Furthermore, sensitivity of the low-dimensional characteristics of the tip vortex using POD to the choice of the wander correction technique is also studied.
II. Experimental Arrangement

A. Facility and Instrumentation
The current study was conducted in a room measuring 6.5 m × 8.0 m × 6.5 m on a single rotor test stand. A schematic of the experimental setup is shown in figure 1(a) with the test stand installed at the center of the room. The setup consists of a 1.0 m diameter, single-bladed (untwisted; constant chord of 52 mm; NACA 0012 airfoil) rotor with a flap hinge hub assembly (located at 3.0 m above the ground). The rotor was balanced with a counter-weight (statically up to 99%) and was operated at Ω = 1500 RPM, which corresponds to a blade tip chord Reynolds number of 218,000 and a tip Mach number of 0.23. The blade was set to a collective pitch angle of 7.3 • . The total thrust measured using a load cell resulted in a blade loading C T /σ = 0.066.
Measurements were performed on a 2D slice of the rotor wake by phase aligning the rotor with a PIV system using a 1/rev optical switch. The PIV system comprises a double-pulsed Nd-YAG laser source and a 2M pixel (1.6k × 1.2k pixel) CCD camera with a sampling frequency of 15 Hz (in double-frame mode). The laser source with sheet forming cylindrical optics produced a thin sheet (of 2 mm thickness) using a 532 nm (green) laser. Additional details concerning the PIV system are described by Mula et al. 2013 . 22 Orientation of the PIV system (laser sheet, camera) relative to the measurement window is shown in figure 1(a) . The PIV camera was oriented such that the axis of camera lens was orthogonal to the measurement plane (parallel to the laser sheet). The camera lens and object distance were chosen such that only one vortex (including provisions for vortex wander) was captured so as not to compromise on spatial resolution. The focal length of the lens is 105 mm ( f # = 2.8). Misalignment of the measurement plane (in z′ direction) relative to the calibration plane was on the order of laser sheet thickness (2 mm). Based on the object distance (z o = 905 mm) and following eq. (5) from Discetti and Adrian (2012), 7 the resultant magnification error is found to be less than 0.2%. Further, the inter-frame timing of 36µs between the two laser pulses (of 2 mm laser sheet thickness), given the rotation speed of the rotor, resulted in measurement accuracies within 0.3 • in azimuth. Seeding was provided by a PIVTEC 14 cascadable Laskin nozzle olive oil seeder which produced particles of nominal diameter equal to 1 µm. This helped minimize particle tracking errors that are inherent to vortex dominated flows. 15 A check for peak locking errors was performed to ensure that the particle image displacements were unbiased to the integer pixel dimension.
Measurements were performed at multiple vortex ages: ψ = 45 • -585 • . The PIV window encompassed a field of view of 88 mm× 66 mm. At each vortex age, 350 statistically independent PIV snapshots were acquired. All the images were processed with an initial window size of 64 px × 64 px that iteratively reduced to a final window size of 16 px × 16 px with 50% overlap which resulted in a measurement resolution (L m ) of 0.88 mm. Spurious vectors were filtered by first establishing a threshold signal-to-noise ratio (set to 1.5), followed by the removal of groups (of less than 5 vectors) that then ended with a four-pass regional median filter. 35, 36 Missing vectors were then interpolated using a nearest neighbor fit. Figure 1(b) shows a sample PIV snap shot with its corresponding sub-sampled vector map (after interpolation and smoothing applied). In the sample vector map the vortex center is identified using the Γ 1 method, which is a non-Galilean invariant method that provides a simple and robust way to identify centers of vortical structures in a flow. Mathematical details of the technique are well described by Graftieaux et al. (2001) 9 and Kindler et al. (2010). 13 Being an integral based approach, the results are not corrupted by noise introduced by gradients of the velocity field. However, the vortex center still relies on an accurate assessment of the velocity inside the vortex core where seeding is poor. 22 For all the subsequent analysis, the vortex centers are identified using this technique.
III. Tip vortex characteristics
Vortex wander is a scatter in the instantaneous positions of a vortex center (x⋆, y⋆) on a plane perpendicular to its vortex axis due to the inherent unsteadiness of a rotor wake. Figure 2 illustrates the wander characteristics of vortices emanated from the single-bladed rotor at all the vortex ages in the measurement envelope. The figure shows the anisotropic nature of wander with a preferred orientation demonstrated by the 95% confidence ellipse. 22 The amount of wander appears to increase with the increasing vortex age. To obtain the mean statistics of a vortex, corrections for wander are performed by translating each instantaneous vortex (at a given vortex age) such that its vortex center aligns with the mean vortex center. 20 for determining the structural characteristics of a vortex. The general trends in figure 2(c) are consistent with the previous LDV studies reported by Leishman (1998) . 16 That is, the core-radius increases due to diffusion with increasing vortex age until the first blade passage (360 • ), after which the core-radius decreases due to vortex stretching induced by the oncoming blade. The total resolved turbulence kinetic energy (Ξ) of a vortex at each vortex age is obtained as,
where dA = dx′dy′. Likewise, the total resolved kinetic energy (χ) of the mean vortex flow at each ψ is obtained as,
with mu i=1,2 being the in-plane mean velocity components. Figure 4 (a) illustrates how Ξ compares to χ in the measurement envelope. It is clear that Ξ is on the order of 2-8% of χ for the range of vortex ages studied.
IV. Analysis Technique
To identify the most energetic features of the turbulence fluctuations within the blade tip vortex, the proper orthogonal decomposition (POD) is used, which was introduced by Lumley (1967) 19 to the field of turbulence. The technique has been rigorously used in both the experimental and numerical disciplines. 3 The current study compares the classical and the snapshot 29 forms of POD applied to a blade tip vortex. These techniques are discussed in sections A & B, respectively.
A. Classical POD
For the classical POD, the technique outlined by Glauser and George (1987), 8 Citrinity and George (2000) 4 and Tinney et al. (2008) 30 is employed in the current study. In this method, the vortex (and its surrounding fluid) is first decomposed in azimuth using Fourier-decomposition followed by a radial decomposition using POD. This is applied to only the fluctuating part of the velocity upon corrections for vortex wander.
The process begins by first transforming the raw PIV images from cartesian coordinates to cylindrical coordinates (i.e. x′, y′, z′ → r, θ , z′ with the mean vortex center as the origin). At each vortex age, the azimuthal grid resolution, δ θ , is determined such that it equals the resolution of the original grid at r = r c (where r c is the core radius, δ θ = arctan(L m /(2r c )). For example at ψ = 135 • , δ θ is equal to 4 • (though it was found to vary only from 3 • to 5 • at other ψ in the measurement envelope). The fluctuating part of the in-plane velocity field (u i=1,2 ) is then Fourier transformed for each of the 350 PIV snap shots at a given vortex age as follows,
and then a two-point tensor is obtained as,
In eq. (3), the same azimuthal starting position is employed in order to preserve the asymmetries that are shown to reside in the TKE profiles in figure 3(b&c). Symmetry considerations for statistically axisymmetric flows without swirl are provided in Appendix A of Jung et al. (2004) . 11 The integral eigenvalue problem for the POD is then formed for each vortex age
and is solved to produce an ordered sequence of eigenvalues (λ n ≥ λ n+1 ) with eigenfunctions Φ n i (r, ψ; m). This vector decomposition ensures that the eigenfunctions corresponding to the in-plane velocity components are coupled. By combining the POD eigenfunctions, Φ n i , with the Fourier eigenfunctions, e ımθ , the resulting two-dimensional spatial modes for the velocity field are obtained as,
Having discretized eq. (5), the total number of POD modes is governed by the product between the number of points measured (N) and the number of in-plane components used to construct B i j . The radial extent is confined to ≈ 2r c at each ψ. Based on the grid resolution (L m /2; L m /r c < 0.2), N > 20, at least 40 POD modes are generated at each vortex age. The total resolved energy 4, 30 of the flow, Π (ψ), and the normalized eigenspectra, β n (ψ; m), are then obtained as,
A low-dimensional reconstruction of the instantaneous Fourier-transformed fluctuating velocity field can be obtained from the following established expression, 19
using random and uncorrelated expansion coefficients,
whose mean square energies are the eigenvalues themselves:
B. Snapshot POD
It is more customary to use the Snapshot POD 29 owing to the advantages of its computational efficiency. The process begins by deriving the autocorrelation matrix C,
where (·) is the dot product of two vectors; N s is the number of instantaneous velocity fields acquired at each vortex age (ψ); u is the fluctuating part of the in-plane velocity vector after wander correction; t k and t l represent the k th and i th instants of time. It is evident from eq. (11) that the size of the autocorrelation matrix C depends on the number of instantaneous samples acquired, rather than the number of spatial points in the measurement grid. Following the diagonalisation of the matrix C the eigenpairs (α f ,V f ) are obtained, where f = 1, 2, ..., N s . The eigenvalues α f are ordered such that α f ≥ α f +1 . The corresponding two-dimensional orthogonal spatial modes ( U f ) are obtained as
which are further normalized to produce the orthonormal basis functions,
The contribution of each mode N f to the total resolved turbulence kinetic energy of the flow is obtained as
From the orthonormal basic functions in eq. (12), a low-dimensional reconstruction of the velocity field can be obtained from the following expression,
where for n s = N s , u = u; and a k, f is the time varying expansion coefficient, which is derived by projecting the raw velocity field u on the orthonormal basic function N f ,
V. Results
A. Classical POD Figure 4 (b) illustrates a rapid convergence of the POD modes (cumulative in the Fourier spectrum, m) for the entire range of ψ studied. Nearly 75% of the resolved energy resides in the first POD mode alone (n = 1). This rapid convergence is a reflection of the presence of highly organized motions within the tip vortex. Further, figure 4(c) illustrates the Fourier energy spectrum corresponding to the first POD mode (n = 1) for the range of vortex ages studied. Figure 4 (c) shows how the helical mode (m = 1) dominates the energy spectrum followed by the axisymmetric (m = 0) and then the double helical (m = 2) modes. However, at ψ = 45 • , equal dominance of helical and axisymmetric modes is seen and is attributed to vortex roll-up, which occurs at early vortex ages. For a non-zero Fourier mode (a helical mode or a double helical mode), the spatial modes (see eq. 6) have both real and imaginary counterparts. By the nature of the Fourier function, the spatial structures of the real and imaginary parts are identical as illustrated in figure 6 , which shows the axial vorticity of the helical mode. Further, the spatial structure of the imaginary part orients at π/(2m) relative to its real counterpart.
The structure of the helical mode at each ψ in figure 6 performs an elliptical deformation of streamlines of the base vortex flow, which is a typical characteristic of an elliptic instability. 1, 12, 24 An elliptic instability is a three-dimensional short-wave instability which travels along the vortex filament axis and causes a deformation of the vortex structure on a plane perpendicular to the axis. 17 Such an instability occurs when a vortex filament is subject to external strain. 21, 31 In the case of a helical vortex filament, such as in rotor wakes, strain is inherently induced by the curvature effect. The spatial structure associated with the helical mode in figure 6 is similar to the spatial structures of elliptic instabilities observed by Pierrehumbert (1866) 24 , Leweke & Williamson (1998) 17 , and Sipp (2000) 28 . For a low axial velocity flow, the most unstable modes of elliptic instability correspond to |m| = 1 (helical mode) 14, 21 such as in the present case. For a comprehensive review on elliptic instability, an interested reader must see Kerswell (2002) , 12 Lacaze et al. (2007) 14 and Roy et al. (2011) . 26 At the earliest vortex age, ψ = 45 • , figure 6 shows how two counter-rotating eddies reside on the circle of mean core-radius. These eddies remain centered on the core-radius for the range of vortex ages studied without modifying the structure of the helical mode. Therefore, the helical mode in figure 6 performs a linear elliptic instability, since an elliptic instability in the non-linear regime would undergo either rotation 28 or a modification in its structure 27 (which is not observed here). Figure 7 shows the real component of the axial vorticity field of the double-helical mode (m = 2) for the range of vortex ages studied. The double-helical mode also performs an elliptical deformation of streamlines (of the base vortex flow). Hence, the mode performs an elliptic instability. At ψ = 90 • , the structure is four-lobed in azimuth with each lobe containing a pair of counter-rotating eddies which are radially separated. A four-lobed structure of an elliptic instability was also observed by Roy et al. (2011) . 26 Further, pairs of co-rotating eddies indicated in figure 7 at ψ = 90 • appear to merge with the increasing vortex age, thereby slightly modifying the structure of the double-helical mode. At ψ = 495 • , a single elongated eddy appears to have formed from each such pair. As mentioned earlier, in the non-linear regime an elliptic instability undergoes a rotation 28 or a modification in its structure. 27 Therefore, the double-helical mode in figure 7 is performing a slightly non-linear elliptic instability. 25 ). Hence, the structure of this mode is similar to that of the axisymmetric mode (m, n) = (0, 1) (classical POD) at ψ = 45
• . Further, the axial vorticity profiles of n s = 2 & 3 (ψ = 45 • ) resemble the real and imaginary parts, respectively, of the axial vorticity field of the helical mode (m, n) = (1, 1) (classical POD). But in the snapshot POD, the counter-rotating eddies (in the contour plots) reside on the mean core boundary, whereas, in the classical POD the eddies reside on the circle of mean core-radius. At higher vortex ages, as shown in figure 10 for a sample ψ = 315 • , the modes n s = 1 & 2 form the counterparts of the real and imaginary components, respectively, of the helical mode (m, n) = (1, 1) (classical POD). Whereas n s = 3 resembles the axisymmetric mode (m, n) = (0, 1) (classical POD), which behaves as a swirling jet at higher vortex ages. Figure 11 (a&b) illustrates the resolved energy contributions of the axisymmetric (m, n) = (0, 1) and helical modes (m, n) = (1, 1) (classical POD), respectively, along with their counterparts of the snapshot POD for the range of vortex ages studied. It is evident from figure 11 that the resolved energies are also nearly consistent between the respective counterparts of the classical and the snapshot techniques of POD Figure 12 (a) illustrates the low-dimensional turbulence kinetic energy per unit mass (E = u 2 1 + u 2 2 , u i=1,2 being the low-dimensional fluctuating in-plane velocity components) constructed at ψ = 315 • using the first two (n s =1 & 2) modes of the snapshot technique. The corresponding counterpart of the classical technique (helical mode) is shown in figure 12(b) . A slice of the original TKE is also shown in figure 12(c) , along with the slices of E from figure 12(a&b); once again, the TKE is clearly asymmetric. It is evident that the profile of E constructed using the helical mode (classical POD) is relatively less asymmetric in comparison to its counterpart of the snapshot POD. Likewise, as illustrated in figure 13 , the asymmetries in E introduced by the combination of helical and axisymmetric modes (classical POD) does not appear to match that of their counterpart (n s = 1 to 3) in the snapshot POD. However, the combination of helical, axisymmetric and double helical modes (classical POD) in figure 14(b) produces similar asymmetries in E as that of the combination of helical and axisymmetric counterparts in the snapshot POD (figure 14a). Similar observations see on the vortex slice in figure 14(c) . Therefore, as for the asymmetries in turbulence kinetic energy (per unit mass), the classical POD requires more modes when compared to that of the snapshot POD. 
C. Sensitivity of POD to the choice of wander correction technique
The Γ 1 method, 9 which was used to perform corrections for vortex wander in section III, is computationally very efficient in detecting the vortex center (where swirl velocity is zero), thereby resulting in zero in-plane turbulence at the vortex center as illustrated in figure 3(c) . A low-dimensional representation of the velocity fluctuations within a tip vortex using POD (in section V) revealed that the helical mode, which causes an elliptic instability, dominated the energy spectrum. An elliptic instability deforms the vortex structure on a plane perpendicular to its vortex axis by causing an elliptical deformation of streamlines. 12 As a consequence the instantaneous vortex core boundary also deforms. Therefore, a different wander correction technique, which aligns instantaneous vortices such that the geometric centers of the vortex cores are aligned, is used in this section to test the sensitivity of POD. The geometric center (GC) is determined based on the locations of peak swirl velocities, which define the vortex core boundary. Details of this technique are well documented by Mula et al. (2013) . 22 The classical form of POD is used here for the sensitivity studies owing to the easier interpretation of the Fourier modes. figure 15(b) shows the profiles of TKE and the mean swirl velocities on a sample slice ε in figure 15(a) . It is evident from figure 15(b) that the GC method introduces artificially high levels of turbulence at the vortex center. Figure 15 (c) illustrates the total resolved turbulence kinetic energy (Ξ) normalized with the total resolved kinetic energy (χ) of the mean vortex using the GC technique, along with the comparisons using the Γ 1 method for the range of vortex ages studied. It is evident that the percentage of the resolved turbulence kinetic energy (Ξ) with respect to χ using the GC method is less than that of the Γ 1 method. Figure 16 (a) compares the POD energy spectrum of the GC method with that of the Γ 1 method for a sample ψ = 315 • . The energy contributions from the first few individual POD modes differ between the two techniques, yet a rapid convergence of energy is seen (in both the methods), which indicates the presence of highly organized motions within the tip vortex. As far as the axisymmetric mode and the helical mode contributions are concerned, the Fourier energy spectrum in figure 16(b) for the first POD mode demonstrates that the GC method produces exactly the opposite behavior than the Γ 1 method (in figure 4c) . At ψ = 45 • (using the GC method), the axisymmetric mode dominates, and at higher ψ equal dominance of the axisymmetric and helical modes is seen.
As for the mode shapes, figure 17 demonstrates (at sample ψ = 315 • ) the spatial structures of the axisymmetric (m = 0), helical (m = 1) and double helical (m = 2) modes associated with the first (n = 1) POD mode using the GC method. The axisymmetric mode for the GC method once again behaves as a swirling jet mode at higher vortex ages. However, there appears to be an inward radial shift (towards vortex axis) in its radial profile of circulation from that of the Γ 1 method. As for the helical mode, there is a significant difference in its spatial structure from that of the Γ 1 method, especially, inside the circle of mean core-radius. Also, significant differences in the spatial structure of the double helical mode from that of the Γ 1 method are evident in figure 17 . Further, figure 18(a,b&c) illustrates the lowdimensional turbulence kinetic energy (per unit mass) on a sample vortex slice constructed using the axisymmetric (m = 0), helical (m = 1) and double helical (m = 2) modes (associated with the first POD), respectively, along with comparisons between the Γ 1 and GC methods. Differences are evident in these profiles of E. It is also evident that among these three modes, the helical mode using the GC method appears to be predominantly contributing to artificial turbulence fluctuations near the the vortex center. 
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